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Conversion of mechanical energy into electricity using triboelectric nanogenerators is at the forefront of alter
native energy technology. However, the advancement of accurate modeling of cylindrical TENG energy har
vesting process is proceeding slowly. Previous theoretical models are built based on charged finite-sized planes
which cannot be applied to more general situations where charges are distributed in complex geometric con
figurations. Such models are inaccurate and inadequate to describe field phenomena on a larger spatial scale.
Here, a systematic theoretical analysis of a three-dimensional cylindrical triboelectric nanogenerator is presented
based on expanded Maxwell’s equations which establishes a standard framework for modeling non-planar
elementary geometric structures such as cones, arcs, disks, etc. Most importantly, the time- and spatialdependent electric field and electric displacement produced by the cylindrical distribution of charges are fully
unveiled, clarifying how the energy conversion mechanism is using Maxwell’s displacement current as well as
allowing quantitative analyses of the power dynamics, energy output efficiency, and basic output characteristics
of the cylindrical triboelectric nanogenerator. The model analysis presented in this work is helpful to improve the
fundamental theory of triboelectric nanogenerators and allows constructing complex mechanical energy har
vesting systems conforming accurately and more realistically to practical situations.

1. Introduction
Effectively converting the widely distributed and disorganized me
chanical energy into electricity with triboelectric nanogenerators
(TENGs) is receiving extensive and increasing attention [1–5]. A typical
TENG device consists of at least two parts, the dielectric media which
generates the electrostatic charges, and the electrodes that response to
the induced charges [6–9]. When the electrodes are connected, a
displacement current is generated inside the TENG device and a con
duction current flows through the external circuit, and the two different
currents are jointed together forming a closed loop [10–14]. Although a
multitude of TENGs with different configurations have been fabricated
as energy harvesters/self-powered sensors [15–17], these consistent
reports are generally observational, making it difficult to fully
comprehend the relevant working mechanism, especially for the case of

a complex, dynamic charge distribution. This is mainly because a
detailed theoretical model has not been developed hitherto.
Establishing a 3D theoretical model of a TENG device allows a
detailed understanding of the charge distribution. Till now although
some models have been presented, they are built based on a series of
finite-sized charged parallel plates, which can be utilized to investigate
the TENGs with simple geometric structures [18–23]. But these theo
retical models are inadequate to represent complex geometric configu
rations such as arcs, cones, cylinders, etc. A distance-dependent electric
field (DDEF) model has been proposed by Dharmsena et al., which can
be utilized to describe convex and concave charged surfaces, but except
for exploring the outputs of the lateral sliding mode TENG; since there is
no appropriate coordinate system in this model [22]. Accordingly, they
cannot be extended to determine the time-varying electric field and
electric potential of TENGs that appear quite frequently in practical
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applications [24,25]. In addition, essentially, there are two different
quantities in an electromagnetic model: source quantities and field
quantities. The charges which are stationary or in motion are tradi
tionally regarded as the source of an electromagnetic field. We have
proved that the quasi-electrostatic field distribution of TENG device may
cause a redistribution of charges (in contacting surfaces and electrodes),
which will, in turn, change the field under a continuously mechanical
agitation [26,27]. Hence identifying the cause and the effect with clarity
remains challenging, which significantly adds another layer of difficulty
to build a general universal model for TENGs.
Here, through a combination of expanded Maxwell’s equations and
geometric construction, we propose a new cylindrical mathematical
model for TENGs, by which the time-varying electric field, polarization,
and electric displacement are comprehensively derived. The correctness
and effectiveness of the theoretical model are demonstrated by FEM
simulation and semi-analytical analysis, laying the foundation for
modeling other more complex geometric structures with non-planar
charge distributions. We confirm that the creation of a satisfactory
mathematical model depends sensitively on the charge distributions in
TENG devices, an aspect that has not received enough attention in the
past. A capacitor model of the cylindrical mode TENG is also present, for
the sake of comparison and utilization in different applications. The
dynamic outputs such as effective transferred charge, voltage, average
power, in particular the energy output efficiency is simulated at
different mechanical conditions. Our results indicate that maintaining
the TENG to operate at an optimum load resistance continuously, the
root-mean-square transferred charge, voltage and the largest output
efficiency (close to 70%) do not change as the mechanical frequency
increases/decreases. We anticipate that the present quantitative analysis
of the cylindrical model TENG allows to predict the output performance
of TENGs with a complex spatial charge distribution significantly better
than hitherto.

JD =

(2)

The first term on the right side of Eq. (2) represents the time-varying
electric field, through which the applicability of Ampere’s law is
extended to time-dependent conditions by Maxwell, and the term ∂PS/∂t
is the polarization current density within dielectric media because any
movement of charge constitutes an electric current; importantly the
third term represents the displacement current due to the time rate of
change of the external strain field, which has responsibility for the en
ergy conversation [10,11,13,26]. This is the physical essence why the ID
is the internal driving force of TENGs. On the other hand, it is a starting
point that we can utilize a coordinate system reflecting the geometry of
TENG device to reveal the field quantities.
By a surface integral of JD, the displacement current (ID) can be
obtained:
∫
∫
∫
∫
∂D
∂
∂
∂Q
ID = JD ∙dS =
σ f dr =
∙ndS =
∇∙Ddr =
(3)
∂t
∂t
∂t
S
S ∂t
where Q represents the transferred charges (free charges) between the
two electrodes of TENGs. It is worth noting that this equation connects
the internal circuit and external circuit together, eventually forming a
complete integration solution. Afterwards, through applying Coulomb’s
law for charge distributions, the electric potentials of each electrode
(denoted by ϕA and ϕB, respectively) can be derived. When the external
circuit is connected with a resistor Z, according to Kirchhoff’s law and
Ohm’s law, the potential drop (ϕBA) across Z reads
ΦB − ΦA = ΦBA = − Z

∂Q
∂t

(4)

In general, Eq. (4) is a first order ordinary differential equation
depending on the external circuit conditions. Once the governing
equation is solved, the output variables describing the dynamic perfor
mance of TENGs are determined. Essentially, this framework is linked by
the fundamental laws of physics logically, which is expected to be
applied to all the energy harvesting system based on nanogenerators.
It is well known that electromagnetic fields are generally functions of
time and of space coordinates and represented by their magnitude and,
for vector fields additionally, direction. Although the laws of electro
magnetism are the same in all coordinate systems, relationships among
variables are conveniently expressed in a coordinate system reflecting
the geometry. This is the essential reason for using e.g. a rectangular or
cylindrical coordinate representation for TENGs. It is important to
realize; however, we still cannot fully predict all details in the inputoutput behavior of TENGs due to the sometimes unpredictable
changes in the external circuit. The starting point for an analysis is
Kirchhoff’s law and the establishment of a time-dependent differential
equation for the system and external circuit using a 3D description of the
electromagnetic fields.

2. Results
2.1. Expanded Maxwell’s equations
It has been proven that nanogenerators based on effects of tribo
electric, piezoelectric, electrostatic, and/or electret are important
research fields that use displacement current as the driving force [10,
11]. Through Wang’s addition of another source term–Wang term PS,
the displacement current and Maxwell’s equations are expanded, so that
the underlying mechanism of nanogenerators can be thoroughly
revealed [10,11,24]. As an example, when a dielectric material is placed
in an external electric field, a lot of little dipole moments are induced
and each dipole tends to point in the same direction as the field. The
material becomes polarized, and its polarization is represented by P. For
such polarized dielectric media, Gauss’s law changes to∇∙D = σf , where
σ f is the free charges and D is known as the electric displacement, which
reads ε0E + P. Note that here the term E represents the total electric field
within the dielectric material. Remove the external electric field, the
electric displacement D goes to zero (except for some special dielectrics
such as the electret material). However, this is different from what
happens during the TENG operation. In the case of TENG device,
tribo-charges are generated on the contacting surfaces due to contact
electrification under mechanical triggering. In order to identify the
contribution from the surface charges that are independent of the
external electric field, the Wang term PS is added in electric displace
ment D [10,11],
D = ε 0 E + P + PS

∂D
∂E ∂P ∂PS
= ε0 +
+
∂t
∂t ∂t
∂t

2.2. Mathematic model of the cylindrical LS mode TENG
Firstly, assume we have an arbitrary number of cylindrical sheets, all
of the same length L, and their axis coincides with the z-axis. These
cylindrical shells i1, i2, …, iN are located at positions z1, z2, …, zN, with
surface charge density σ 1, σ2, …, σ N, and radius R1, R2, …, RN, respec
tively. The electric potential produced by these cylindrical charge dis
tributions at an arbitrary observation point p (r, φ, z) is (Note S1,
Supporting Information)

(1)

N ∫
∑

2π

∫

zi +Li

Φ(r, φ, z) =

Note that in polarized dielectric media, the D may differ from the E
since it is not necessarily irrotational; and it will have curl when the
polarization does. The total displacement current density (JD) is:

i=1

0

zi

′

σ i Ri dθdz
√̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
̅
2
2
4πε(p) r + Ri − 2rRi cos(φ − θ) + (z − z′ )2
(5)

The corresponding radial (Er (r, φ, z)) and axial (Ez (r, φ, z)) com
ponents of the electric field are:
2
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N ∫
∑

2π ∫ zi +Li

Er (r,φ,z)=
i=1

0

N ∫
∑

zi

2π ∫ zi +Li

Ez (r,φ,z)=
i=1

0

zi

σi Ri [r− Ri cos(φ− θ)]
′
3 dθdz
[ 2
′ 2 ]2
2
4πε(p) r +Ri − 2rRi cos(φ− θ)+(z− z )

noticed that although previous examinations of contact electrification
support a random “mosaic” of oppositely charged regions nanoscopic
dimensions, the full effects of contact charging trends are considered in
this work [28]. Indeed, the earlier simplifying assumption is exceedingly
paramount [7,13,22,29]. From the viewpoint of classical electrody
namics, understanding the charge distribution and its variations is the
foundation of establishing mathematical models for TENGs. Although
electric charges move from one electrode to another and redistribute
during TENG operation, the total number of positive and negative
charges in the system must be equal. In other words, the rate of change
of charge is zero at all times such that lump circuit abstraction theory
can be applied to TENGs.
Generally, there are three operation cases of TENGs: open-circuit
(OC) condition, short-circuit (SC) condition and loading condition,
corresponding to different charge distributions. Under OC conditions, no
charges are transferred between the two electrodes, consequently only
tribo-charges are distributed on the contacting surfaces. At SC condi
tions, free charges flow in the external circuit to reduce the potential
difference, leading to a more complex charge distribution. When a load
resistance is used the charge transfer rate is reduced in comparison to SC

(6)

′

σi Ri (z− z )
′
3 dθdz
[ 2
′ 2 ]2
2
4πε(p) r +Ri − 2rRi cos(φ− θ)+(z− z )

(7)

These above expressions allow us to construct a mathematical model
for the cylindrical lateral sliding (LS) mode TENG in cylindrical
coordinates.
A typical cylindrical LS mode TENG (Fig. 1b) consists of two parts:
the sliding part and the fixed part which are comprised of dielectric
media and metal electrodes (Fig. 1c). As the inner cylindrical shell
(sliding part) moves up and down in the outer cylindrical shell (fixed
part), charges are created and distributed on the contacting surfaces. We
assume one contacting surface is charged uniformly positively while the
other is charged uniformly negatively, and the triboelectric charge
density remains constant when the TENG is in steady-state. It should be

Fig. 1. Schematic of a cylindrical lateral sliding
(LS) mode TENG in the cylindrical coordinate
system, and finite element modeling (FEM)
simulation at open-circuit (OC) conditions. (a)
Schematic of a uniformly charged circular
conductor and (b) a cylindrical LS mode TENG
in cylindrical coordinates. (c) Structure of the
cylindrical LS mode TENG. (d) Charge distri
butions at OC conditions. (e) Distribution of the
electric potential (colors) and electric field (ar
rows) at OC condition when the relative moving
distance z = 0.9 L. Here L represents the length
of TENG device.
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conditions. For instance, there are six different charge distribution re
gions in the cylindrical mode TENG device denoted by (Note S2, Sup
porting Information):
On the non-overlapping region of the outer surface of the dielectric
1:σT;
On the non-overlapping region of the inner surface of the dielectric
2:-σT;
On the non-overlapping region of the inner electrode: σT1 = −
σT RR21 ;.

(7), the radial and axial components of electric fields can be derived.
Through Eq. (3), the displacement current through the cylindrical sur
face r at SC condition is (ID,r) given by (Note S2, Supporting
Information):
∫
∂D
ID,r =
∙ndS
S ∂t
⎧

σ T R2 − ∂ ⎨
= +
4π ∂t ⎩

On the non-overlapping region of the external electrode: σ T3 =

σT RR23 ;.

∫

On the overlapping region of the inner electrode: σE1 =

σT R1R(L−2 a(t)
a(t));.

∫

σ T R2−
= +
4πε

⎧

−

σ T R2 +
4πε

σ E1 R1
+
4πε

−

σ T1 R1
4πε

σ T3 R3
+
4πε

−

σ E3 R3
4πε

σ U3 R3
+
4πε

−

σ U1 R1
4πε

∫

2π

∫

2π

∫

2π

2π

2π

∫

2π

∫

0

L

2π

∫

L
a(t)

+

r2

]12

]12

a(t)

×

]12

[

0

2π

0

0

− ∞

⎫
⎬

′

]32 dθdz ⎭

′

⎫
⎬

∫

2π

∫

∫

+∞

2π

rdφdz
− ∞

0

0

r − R1 cosθ

′

R21 + r2 − 2rR1 cosθ + (z − z′ )2

∫

2π

∫

∫

+∞

⎫
⎬

]32 dθdz ⎭

2π

rdφdz
0

− ∞

0

r − R3 cosθ

′

R23 + r2 − 2rR3 cosθ + (z − z′ )2

⎫
⎬

]32 dθdz ⎭

⎧
∫ 2π ∫ +∞
∫ 2π
R3 ∂ ⎨
−
σE3
rdφdz
4π ∂t ⎩
0
0
− ∞

′

dθdz

[ 2
]1
R3 + r2 − 2rR3 cosθ + (z − z′ )2 2

∫

′

dθdz

L

×

[ 2
]1
R3 + r2 − 2rR3 cosθ + (z − z′ )2 2

[ 2
]1
R1 + r2 − 2rR1 cosθ + (z − z′ )2 2

∫

+∞

rdφdz

[

σ T3 R3 ∂ ⎨
+
4π ∂t ⎩
∫

′

∫

L+a(t)

L

′

dθdz

⎫
⎬

[ 2
]3 dθdz ⎭
R1 + r2 − 2rR1 cosθ + (z − z′ )2 2

⎧

R23 + r2 − 2rR3 cosθ + (z − z′ )2

2π

r − R1 cosθ

×

′

)2

′

R22+ + r2 − 2rR2+ cosθ + (z − z′ )2

σ T1 R1 ∂ ⎨
−
4π ∂t ⎩
∫

′

0

r − R2+ cosθ

⎧

− 2rR1 cosθ + (z − z
dθdz

[

a(t)

0

∫

a(t)

L

a(t)

[ 2
]1
R1 + r2 − 2rR1 cosθ + (z − z′ )2 2

R21

∫

L

×

′

[

a(t)

0

∫

∫

∫

′

dθdz

− ∞

0

⎧
∫ 2π
∫ 2π ∫ +∞
R1 ∂ ⎨
+
σE1
rdφdz
4π ∂t ⎩
− ∞
0
0

dθdz

L+a(t)

0

0

∫

∫

[

0

′

R22+ + r2 − 2rR2+ cosθ + (z − z′ )2

L

L

0

∫

∫

dθdz

2π

rdφdz

a(t)

×

[ 2
]1
R2− + r2 − 2rR2− cosθ + (z − z′ )2 2

[

a(t)

0

dθdz

a(t)
0

0

∫

L+a(t)
L

0

∫

Φ(r, 0, z)

∫

2π

∫

+∞

r − R2− cosθ

σ T R2 + ∂ ⎨
−
4π ∂t ⎩

Transferred charges on the overlapping region of the inner elec
trode:-σ U1;
Transferred charges on the overlapping region of the external
electrode:+σ U3;
By applying Coulomb’s law and consideration of the azimuthal
symmetry of the charge distribution (Fig. 1b), the electric potential ϕ (r,
0, z) of the cylindrical model TENG is (Note S2, Supporting
Information):

∫

[ 2
]3 dθdz ⎭
R2− + r2 − 2rR2− cosθ + (z − z′ )2 2

L

σT R3R(L−2 a(t)
a(t));.

2π

L+a(t)

×

On the overlapping region of the external electrode: σ E3 = −

∫

a(t)

r − R3 cosθ

′

⎫
⎬

[ 2
]3 dθdz ⎭
R3 + r2 − 2rR3 cosθ + (z − z′ )2 2

⎧
∫ 2π
∫ 2π ∫ +∞
R3 ∂ ⎨
+
σU3
rdφdz
4π ∂t ⎩
− ∞
0
0

(8)

Here, σT, σE and σ U represent the density of triboelectric charge, induced
charge and transferred charge, respectively; L is the length of the cy
lindrical shell/electrode and a(t) is the axial separation distance; the
radius of the inner surface of the internal dielectric cylindrical shell, the
contacting surface and the outer surface of the external dielectric cy
lindrical shell are denoted R1, R2 and R3, respectively. The notion
R2-indicates the generated negative triboelectric charge distribution at
an r value infinitesimally smaller than R2; similarly R2+denotes the
generated positive triboelectric charge distribution at an r value infini
tesimally larger than R2. Since the electric potentials of the two elec
trodes are equal to each other at SC conditions, ϕ1 (R1, 0, z, t) = ϕ2 (R3, 0,
z, t), and the transferred charges σ U and SC current (ISC) can then be
obtained (Note S2, Supporting Information). According to Eqs. (6) and

∫

L

×
a(t)

r − R3 cosθ

′

⎫
⎬

[ 2
]3 dθdz ⎭
R3 + r2 − 2rR3 cosθ + (z − z′ )2 2

⎧
∫ 2π ∫ +∞
∫ 2π
R1 ∂ ⎨
−
σU1
rdφdz
4π ∂t ⎩
− ∞
0
0
∫

L

×
a(t)

[

r − R1 cosθ
R21 + r2 − 2rR1 cosθ + (z − z′ )2

′

⎫
⎬

]32 dθdz ⎭

(9)

Using this equation, a comparison between the dynamic changes of
displacement current and conduction current explains why the
displacement current is the driving force of TENGs. Similarly, the open4
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circuit voltage (VOC) is derived in Note S2, Supporting Information. If
connecting a resistor ZL between the two electrodes, based on Eq. (4) the
potential difference across the external load is
− ZL A

dσU
= Φ1 (R1 , 0, z, t) − Φ2 (R3 , 0, z, t)
dt

charges of opposite sign at the interface of the dielectric-electrode (σT1
and σT3) on the non-overlapping region. In the overlapping region, the
caused induced charges (+ σE1 and -σ E3) have the same sign as the
triboelectric charges since the total charge on each electrode is zero at
OC conditions (Fig. 1d). That is why the direction of the radial electric
field (Er) penetrating through the overlapping region is just the opposite
compared to that at the non-overlapping region (from “A” to “B” and “C”
to “D”) (Fig. 1e). Moreover, the real charge distribution on the surface of
each electrode depends on the geometry structure of the electrode. Ac
cording to the theory of electrostatics, the electric field on a conducting
surface is normal to the surface everywhere. And the surface of the
conductor is an equipotential surface at static/quasi-static conditions. In
other words, charges must redistribute to reach electrostatic equilib
rium. Therefore, the electric potential at any point on the electrode can
be utilized to indicate the electric potential applied to the inner/external
electrode; however, this approach is inapplicable to obtain the total
electric field generated by charge distributions.
Although the magnitude of Er within dielectric 1 is smaller than that
propagating through dielectric 2 (Fig. 2a), the radial component polar
ization (Pr) of the former is stronger than the latter, due to the larger
relative permittivity of dielectric 1 (εr1). Since there are no free charges
at the interface of the overlapping region, the radial component electric
displacement (Dr) is continuous across the contact surfaces (Fig. S2b).
The magnitude of Er increases as the moving distance (z) increases
(Fig. 2b) since induced charges are distributed on the non-overlapping
regions to ensure the total charge is zero on the electrode. The calcu
lations from the mathematical model agree well with the simulations of
FEM, indicating the validity and accuracy of the cylindrical LS mode
TENG. A similar tendency for the electric potential is revealed in Fig. 2c.
VOC calculated three different ways are exactly identical at small z values
but a deviation occurs when z is close to the length of the dielectric
(Fig. 2d). The reason for this behavior is attributed to the non-uniform
distribution of electric field. To maintain the electrode electrically
neutral, a multitude of induced charges is accumulated at the small
overlapping region resulting in a strong distortion of edge electric field,
which cannot be neglected. However, the latter edge effect is not
included in the capacitive model. This is the reason behind deviations
between the capacitive model and more detailed FEM simulations.
Subject to SC conditions, charges are transferred between the two
electrodes to maintain electrostatic equilibrium. And no charges are
distributed in the overlapping region, i.e., σ E is equal to zero, a result
which is significantly different compared to OC conditions. The varia
tion in Dr across dielectric 2 at z = 0.45 L versus time and relative dis
tance directly reflects the charge distributions (Figs. 3a, S2a and S2b).
Also note that the magnitude of Dr is zero at the overlapping region,
while it is close to 10 μC/m2 at the non-overlapping area (Figs. 3b and
S2c) at the three points (z = 0.2 L, 0.5 L, 0.8 L) on the inner surface of
the outer electrode, demonstrating that only part of the dielectric is
polarized during TENG operation.
Owing to the dielectric polarization, quasi-electrostatic energy (W) is
generated and distributed in the TENG structure which can be numeri
cally calculated using the approach in Ref. [13,26]. Results shown in
Fig. 3c indicate the quasi-electrostatic energy-time relationship of the
cylindrical LS mode TNEG under SC conditions, where Wdie1, Wdie2 and
Wtotal represent the energy in the inner dielectric, external dielectric and
the total energy, respectively. Notice that the quasi-electrostatic energy
is proportional to the moving distance z (Fig. 3c), which is a result of
transferred charges through the external circuit as z increases. In addi
tion, a slightly bigger QSC value is obtained from the mathematical
model as a result of a larger calculated capacitance of TENG device
(Figs. 3d and S2d). Furthermore, a comparison of conduction and
displacement currents depicted in Fig. 3e implies that they are of the
same magnitude but opposite in phase.The relationship between them is
attributed to the change of the electric flux passing through the Gaussian
surface and the change of the total charges distributed in it. In partic
ular, the peak of the displacement current (ID,SC) is proportional to the

(10)

Here, ϕ1 (R1, 0, z, t) and ϕ2 (R3, 0, z, t) represent the electric potential of
the two electrodes, respectively; A is the normal contacting area of the
cylindrical LS mode TENG. Solving the first-order linearly differential
equation, we can determine the temporal dependence of the transferred
charges, conduction current, voltage, and power, which allow us to
obtain the time-varying electric field, polarization, displacement current
and quasi-electrostatic energy and so on; eventually predicting the dy
namic output characteristics of the cylindrical LS mode TENG.
2.3. Capacitive modeling of the cylindrical LS mode TENG
The prevailing capacitive model of a TENG device is established
based on an infinitely large parallel-plate configuration. A drawback of
this model is that it is incapable of revealing the variation of field
quantities of TENG device, such as the time-varying electric field, elec
tric displacement, due to the assumption of infinite evenly charged
surfaces. Yet, when the relative moving distance is small or/and the edge
effect can be neglected [30], this capacitive model is accurate, simple,
and easily comprehensible. Accordingly, it is exceedingly feasible to
identify the transferred charge, current, voltage, or other circuit vari
ables in the external circuit.
Owing to the lumped-parameter equivalent circuit theory, the
equivalent circuit model of a TENG is represented by a capacitor (CT)
and connected in series to an ideal voltage source (VOC). The total
capacitance C and VOC of the cylindrical LS mode TENG are (Note S3,
Supporting Information)
C=

1
2πε0 (L − a(t) )
d0
∫

∫

R2

VOC =

(11)
R3

Er1 dr1 +
R1

Er2 dr2 =
R2

σT R2 d0 a(t)
ε0 (L − a(t) )

(12)

Here, the dimension-less parameter d0 = ln(R2/R1)/εr1 + ln(R3/R2)/εr2
represents the effective thickness of the dielectric media; Er1 and Er2 are
the electric field inside the inner dielectric and outer dielectric,
respectively. Based on Ohm’s law and Kirchhoff’s voltage law, the
governing equation of the capacitive model is written as (Note S3,
Supporting Information)
ZL

dQ(t)
1
d0 Q(t)
σT R2 d0 a(t)
= V(t) = −
Q(t) + VOC (t) = −
+
dt
C(t)
2πε0 (L − a(t) ) ε0 (L − a(t) )
(13)

As mentioned before, this equation is a first-order ordinary differ
ential equation. Solving this equation, we can obtain the basic output
performances of the TENG energy harvesting system.
2.4. Output characteristics of the cylindrical LS mode TENG
Numerical experiments have been carried out to verify the validity of
the derived expressions. It should be noticed that the edge effect, which
is the non-uniform electric field distribution at the edge of the charged
surface, is inevitable for a TENG device according to the theory of
electrostatics. To lower the impact of edge effects the largest relative
distance is fixed at 0.9 L in this work. The electric potential of the inner
electrode is positive while that of the external electrode is negative at OC
conditions (Fig. 1c). When the triboelectric charges are created on the
contacting surfaces (as an example, + σ T on the external surface of the
inner dielectric), the generation of an electric field results in polarization
of the dielectric material. The polarization is shielded by induced
5
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Fig. 2. FEM simulations, cylindrical model and
capacitive model results of the cylindrical LS
mode TENG at open-circuit (OC) condition. (a)
The radial component of the electric field (Er)
distribution at different movement distances
from FEM simulations. (b) Comparison of Er at
three fixed points (r = R3, z = 0.2 L, 0.5 L, and
0.8 L) from FEM simulations and cylindrical
model. (c) Electric potentials of the two elec
trodes from FEM simulations at different rela
tive moving distances z. (d) Comparison of VOC
from FEM simulation, cylindrical model and
capacitive model. Detailed parameters of these
calculations are shown in Table S1.

Fig. 3. FEM simulations, cylindrical model and capacitive model results of the cylindrical LS mode TENG under short-circuit (SC) condition. (a) Variation of radial
component of the electric displacement (Dr) inside the external dielectric 2 versus time at z = 0.45 L. (b) Comparison of Dr at three fixed points (r = R3, z = 0.2 L,
0.5 L, and 0.8 L) inside external dielectric media 2 from FEM simulations and cylindrical model. (c) Variations of the qusi-electrostatic energy (W) inside dielectric
media 1 (Wdie1), dielectric media 2 (Wdie2) and the sum of them (Wtotal) versus time. (d) Comparison of transferred charges (Q) at different relative moving distance z
from FEM simulations, cylindrical model and capacitive model. (e) Variations of the displacement current (ID,SC) and conduction current (ISC) versus time from
cylindrical model at SC condition. (f) Relationship between the peak of ID and mechanical frequency.
6
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mechanical frequency as expected.
The charge distributions under external loading conditions are
similar to those at SC conditions. Since most mechanical energy har
vesting systems based on TENG operation are non-linear time-invariant
systems, three representative input waveforms: sinusoidal excitation,
square excitation and sawtooth excitation have been analyzed. We
notice that a square signal yields the highest output among the three
signal types followed by sinusoidal and sawtooth signals (in that order)
for the same input frequency and amplitude (Figs. 4a, b, and S3).
Although the power output behavior of TENGs depend sensitively on the
mechanical input conditions, we take the sinusoidal excitation as an
example to reveal the TENG’s output efficiency. Again, keeping in mind
that any waveform can be decomposed into a superposition of sine
waves with different frequencies. The largest closed area of the V-Q
curve in Fig. 4c is a measure of the largest transformed energy; in
particular if the load is taken as the optimum load. The Q-t, V-t, I-t and Pt curves from Fig. S4 depict how the basic outputs change with external
load resistances. Alternatively, the optimum resistance of a TENG device
can be obtained from the maximum power transfer theorem. As
demonstrated in Fig. 4d, there are three different optimum loads for the
three mechanical frequencies. As the mechanical frequency increases,
the corresponding optimum resistance decreases, resulting in an
increased average power. However, this does not mean we can increase

the external frequency to infinity, because operation in practice is
restricted by complex conditions such as stability and strength of the
TENG geometry structure [31,32].
Effective values are important to evaluate the effectiveness of a
voltage or current in delivering power to a resistive load. Here the
effective values are calculated by the root-mean-square (rms) method
[13,14,33]. Our results confirm again that the average power is equiv
alent to the product of rms voltage (Vrms) and rms current (Irms) (Fig. 4e)
[13,14]. More significantly, we further demonstrate that the Vrms and
rms transferred charges (Qrms) under optimum load do not change as the
external frequency increases/decreases which has never been reported
before (Fig. 4f). However, if any of the external resistances is loaded (for
instance, 1 ×108 Ω in Fig. S5a), increasing the working frequency (from
1 Hz to 10 Hz) means decreasing the internal impedance of TENGs. In
essence, this is identical to connecting a larger load resistance in the
external circuit whereby more potentially usable energy is wasted due to
impedance mismatch. On the other hand, the Vrms, Qrms and Irms keeps
increasing or decreasing as the external resistance increases at a fixed
frequency (Fig. S5). A complete understanding of the influence of the
above phenomena for energy harvesting is still missing.
Physically, a larger external load reduces the charge transfer rate
between the two electrodes but increases the transition time. As a result,
more time is needed to reach steady-state. Increasing the external

Fig. 4. Output characteristics of the cylindrical LS mode TENG at different excitation conditions. (a) Variations of power versus time and (b) V-Q curves at R
= 100 MΩ for three different input waveforms. (c) V-Q curves under four different loads (R = 10 MΩ, 60 MΩ, 75 MΩ, and 500 MΩ) for sine input wave. (d) The
influence of load resistance on average power (Pav) for three different frequencies (1 Hz, 3 Hz and 10 Hz) and on (e) root-mean-square voltage (Vrms) and root-meansquare current (Irms). (f) Variations of root-mean-square transferred charge (Qrms), Vrms and Pav versus frequency under optimum resistance. (g) Variations of ID versus
time for three different loads (R = 30 MΩ, 60 MΩ and 100 MΩ). (h) The map of the peak-peak of Er (Er,pp), and (i) the peak-peak of ID (ID,pp) under different load
resistances and frequencies.
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frequency means decreasing the internal impedance of TENG device
which reduces the external optimum load resistance accordingly. At a
small mechanical frequency, a larger optimum load resistance is
required to match the internal impedance of TENG device; finally, only a
small amount of charges (σ U) is transferred during relaxation (Fig. S5e).
To keep electrostatic equilibrium, charges will be accumulated on the
overlapping area of the interface between the dielectric and electrode,
finally generating a bigger DC component (Qrms). In addition, the in
fluence of obstructing electron transfer due to the optimum load resis
tance is nearly identical, which could be the intrinsic reason of
generating the similar Qrms and Vrms even at different mechanical fre
quencies (Fig. 4f). It is easy to understand that the average power Pav is
proportional to the working frequency (Fig. 4f).
A quantitative analysis of the time-varying electric field and polari
zation is indispensable to determine the variation of the displacement
current of a TENG device. Numerical results indicate that the variation
of Er and ID (as well as Pr) change with opposite phase (Figs. 4g, S7a and
b); and both the peak of Er (Er,peak) and peak-peak of Er (Er,pp) gradually
increase with the increase of the load resistance but the corresponding
peak of ID (ID,peak), and peak-peak of ID (ID,pp) exhibit a reverse trend.
This is due to the fact the displacement current ID is determined by the
time derivative of the electric displacement D (Eq. (9)) which is equiv
alent to the sum of Er + Pr. Or by the definition of Ampere-Maxwell law,
the displacement current depends on the rate of change of the electric
field with time. At a small load resistance, even close to SC conditions, a
large number of charges are transferred between the two electrodes to
keep electrostatic equilibrium, which results in a large variation of
electric field (and electric displacement), generating lower Er,pp and Er,
peak values (Figs. 3 and S7). Instead, higher Er,pp and Er,peak are found for
a large loading resistor. Consequently, the trends of ID,pp and ID,peak
exhibit an totally opposite character. On the other hand, because of the
impact on charge transfer caused by the optimum resistor, the Er,pp and
Er,peak do not change with the mechanical frequency (Figs. 4i and S7);
but ID,pp and ID,peak are proportional to these frequencies (Figs. 4, and
S7), illustrating a similar trend as the changing of Irms demonstrated in
Fig. S5d.

as a form of quasi-electrostatic energy, and the other part is extracted by
the resistor in the external circuit. Since it is not appropriate to utilize
the general definition of energy conversion efficiency for the TENG
energy harvesting system [34,35], here the output efficiency (ηoutput) of
the cylindrical LS mode TENG is calculated by the equation:ηoutput =
Eload
Edie,av +Eload ,

where Eload and Edie,av represent the electric energy delivered

to the external load and the average quasi-electrostatic energy stored in
TENG device during the steady state, respectively.
The largest ηoutput of the cylindrical LS mode TENG, which is close to
70% obtained at an optimum resistance for a fixed excitation frequency
(Fig. 5a and b). As such, this demonstrates that nearly 70% electrical
energy is extracted into the external circuit, but the remainder elec
tricity is unavailable during the TENG operation. Loading a small or a
large resistor can cause impedance mismatch, which leads to substantial
waste in the energy transfer process and a decrease in the output effi
ciency. On one hand, if a small load is connected, the electrical energy
extracted into the external circuit is faster than that stored in the TENG.
When a large resistor is loaded, the reverse trend takes place (Fig. 5a and
b). On the other hand, the largest ηoutput is obtained at the optimum
resistor at different mechanical frequencies (Fig. 5a and c). The new
findings may inspire researchers to reconsider the relationship between
the maximum energy output efficiency and power management circuit.
3. Conclusion
Combining the expanded Maxwell’s equations and the geometric
configuration, a new model for the cylindrical lateral sliding mode
TENG is proposed for thoroughly revealing the time-varying electric
field and electric potential as well as the basic output characteristic of
TENGs. Finite Element Method (FEM) simulations and semi-analytical
analysis validate the variations of electric field, polarization, electric
displacement, and electric potential subject to different boundary con
ditions. The dynamics of the displacement current is shown to be the
driving force of TENGs. Studies of three typical mechanical excitations
indicate that the largest output is obtained for a square-wave input
signal. Importantly, at an optimum load resistance the effective values of
transferred charges, voltage, and the highest output efficiency (close to
70%) nearly stay the same as the mechanical frequency increases. It
must be noticed that these findings require significant attention; yet,
they have not been reported before in the literature. We have confirmed
great potential in extending a detailed theoretical model to other more
complex geometric configurations such as the non-planar charge dis
tribution, allowing us to demonstrate quantitatively the variation of

2.5. Output efficiency
As a new energy conversion technology, a TENG device converts
mechanical energy into electricity. From this aspect its operation is
different from a traditional capacitor. During the energy conversion
process, part of the transformed energy is distributed in the TENG device

Fig. 5. The output efficiency (ηoutput) of the cylindrical LS mode TENG at different frequencies and loading conditions. (a) The map of ηoutput at different load re
sistances and frequencies. (b) Variation of ηoutput under different loading conditions. The inset demonstrates the change of the transferred energy. Eload, and Edie,av
represent the extracted electric energy and the average quasi-electrostatic energy stored in TENG device, respectively. (c) Variation of ηoutput at different frequencies
under optimum resistance.
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source and field quantities for different TENG configurations. A
comprehensive analysis of the cylindrical mode TENG overcomes the
limitations of conventional models constructed from simple charged
plane considerations thereby providing a fresh perspective for accurate
modeling and prediction of TENG output characteristics subject to
complex charge distributions.
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4. Methods
The FEM simulations at OC and SC conditions of a cylindrical LS
mode TENG were carried out utilizing COMSOL software. Subject to OC
boundary conditions, the total surface charges at each electrode are set
to 0, while the potentials of the two electrodes are equal to each other
under SC boundary conditions. The dynamic output characteristics
including the transient output and steady-state output were numerically
evaluated by solving the governing equation. After exactly determining
the charge distributions in a TENG device, the time-varying electric
field, polarization, electric displacement, displacement current, and
other field quantities were investigated with detailed numerical simu
lations. In addition to FEM simulations numerical calculations were
performed using MATLAB (Mathworks Inc.). Details and the parameters
utilized in computations can be found in the Supporting Information.
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