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The increasing need to power networks of trillions of sensors and devices for the Internet of Things requires
eﬀective generators to harvest low-frequency ambient mechanical vibrations. This type of energy is diﬀerent
from conventional power because it is mobile, widely distributed and involves the coupling of a huge amount of
units. Triboelectric nanogenerators are ideal candidates for this purpose and can provide power densities up to
500 W/m2 or 15 MW/m3. While the phenomenon of triboelectricity has been known and explored since ancient
history, a detailed microscopic understanding is still under debate. Recent experimental study has proposed a
general model in which triboelectriﬁcation may be a result of electron transfer between two atoms owing to the
lowered barrier due to overlapped electron clouds (Xu et al. [13]). Here, we provide, in the context of the
proposed triboelectric model, a ﬁrst quantum-mechanical calculation of electron transfer and light coupling
between two dissimilar atoms interacting at a distance based on the one-electron Schrödinger model and the
Fermi Golden Rule. Static and dynamic studies of contact electriﬁcation and photon emission between two
groups of atoms are also analyzed. Despite the model's simplicity in addressing coupled atoms it may set the
frame for a better understanding and exploitation of charge transfer in nanotriboelectric systems consisting of
many atoms or solids.

1. Introduction
An increasing challenge, central to the Internet of Things, is to
provide, ubiquitously, easy access to power a huge number of sensors
without the use of batteries. Since triboelectric nanogenerators (TENGs)
are the best candidates to meet this challenge and harvest low-frequency ambient vibrations, major eﬀorts are necessary to understand
better the fundamental and microscopic nature of contact electriﬁcation
(CE) and to use this knowledge in improving TENG performance in
diﬀerent applications. Traditionally, the most important approach for
harvesting ambient mechanical energy has been electromagnetic generators (EMGs). EMGs are eﬃcient at high frequencies (substantially
above 10 Hz) [16] but a vast amount of ambient mechanical energy,
such as as ocean wave energy and human body motion, is available at
frequencies below 5 Hz [17,18]. The most powerful approach to harvest
energy under low-frequency motion (>5 Hz ) is to use TENG
[14–16,19–23] that operate in four basic modes: Vertical contact-separation mode [24], lateral sliding mode [25], single-electron mode
[26], and free-standing triboelectric-layer mode [27].
Triboelectriﬁcation or contact electriﬁcation in scientiﬁc terms is a

⁎

phenomenon known for more than 2600 years yet a fundamental understanding of its origin is still under debate [1,2]. Both electron and
ion transfer mechanisms play a role in CE but the strengths of the two
contributions depend intricately on the contact materials. In metalmetal (MM) and metal-semiconductor (MS) systems electron transfer is
well described by the work function of contact potential diﬀerence
between the two materials [3,4]. For the metal-insulator (MI) system,
both electron [5–7] and ion transfer [8–12] mechanisms were long
believed to play a role. Electron transfer in MI systems exists by virtue
of surface state coupling. A recent paper by the group of Zhong Lin
Wang [13] has revealed that also for MI systems, electron transfer
dominates CE. They discovered the temperature dependence of CE, and
the phenomenon vanishes once the temperature reached approximately
280 °C owing to electron thermionic emission. As a result, a model for
electron transfer was proposed with considering electron transfer due to
the lowered barrier between the two atoms as they are forced together.
Here, a quantum mechanical calculation is proposed to quantitatively
illustrate the electron-cloud-potential-well model for explaining charge
transfer and release between two materials that may not have a well
speciﬁed energy band structure.
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Fig. 1. Triboelectric eﬀect: electron transfer between two dissimilar dielectric materials in contact. From Zhu et al. [24].

two atoms are separated by a relatively large distance, electrons are
tightly bounded to the nuclei of either atoms A or B, and there is no
charge transfer. Once the two atoms are brought close together, the
wave functions or electron clouds of the two atoms start to overlap. As a
result, the potential barrier between the two is reduced, resulting in a
possibility of an electron to transfer from atom A to atom B, which is
suggested as a simple model of contact-electriﬁcation. Our task now is
to present a theoretical model to calculate quantitatively the electron
transfer from atom A to atom B as a function of their interatomic distance. In this simple model, photons can be emitted due to coupling of
two electron levels associated with dissimilar atoms, a process which
remains to be veriﬁed experimentally.

The model estimates the probability electron transfer and predicts a
light emission of distinct but coupled atomic systems as a function of
the distance between the atoms. As such, the model sheds new light on
the perspectives for eﬃcient energy harvesting and photonic control
based on TENGs.

2. Experimental background
The principle behind the triboelectric nanogenerator invented in
2012 is to utilize the potential created by surface triboelectric charges
for driving the ﬂow of electrons between two electrodes. Fig. 1 shows a
simple mode of TENG operation, in which two dielectric ﬁlms made of
dissimilar materials are coated with metal electrodes at their top and
bottom surfaces, respectively. Upon physical contact, triboelectric
charges are created at the dielectric surfaces. Once the two ﬁlms are
separated by an external force, electrons in the electrodes will be driven
to ﬂow in order to balance the electrostatic potential built by the triboelectric charges, leading to a new technology for converting mechanical energy into electricity. The core of TENG is contact electriﬁcation. In order to explain the electron transfer between two general
materials, Xu et al. [13] suggested a two atom model (Fig. 2), one of
which belongs to material A and the other belongs to material B. If the

3. Optical absorption in a semiconductor
In this section [28], we discuss the absorption coeﬃcient of photons
by a two-level system in a medium of refractive index n (ω) . Firstly, we
introduce the one-electron description of electrons coupled to an electromagnetic vector potential. This coupling leads to level transitions
and can be treated in a perturbative way by use of the Fermi Golden
Rule for calculation of the photon emission/absorption rate.

Fig. 2. Electron transfer between two atoms A and B in contact. From Xu et al. [13].
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4. A nonrelativistic description of the electron-photon interaction
A simple, and to a large extent adequate, description of electrons in
a potential V (r) is given by the one-particle Schrödinger equation

Hψ (r) = Eψ (r),
H=

p2
2m 0

+ V (r) = −

2m 0

Hint = −
+ V (r),

(11)
where δ is deﬁned from ϵ 0 = |ϵ| exp (iδ ) and Eqs. (5), (8), and (10) are
used. The emission rate deﬁned in Eq. (6) is given by

W=

(3)

e 2h
| f |ε·p|i |2 ρ (E ) δ (E − Ei + Ef ),
2m02 nng ϵ 0 EV

(12)

using Eq. (11). In the case of stimulated emission or absorption for a
two-level system ρ (E ) = 1. In a similar way, we can obtain the absorption coeﬃcient from the (stimulated) absorption rate. The absorption coeﬃcient α (E ) for photons of energy E = ℏω becomes

where A (r, t ) is the electromagnetic vector potential satisfying

∂A (r, t )
E ⎛⎜r, t ⎞⎟ = −
.
∂t
⎝ ⎠

e
ℏ
i
[ exp (i (δ + ωt )) − exp (−i (δ + ωt ))] ε·p,
m 0 2nng ϵ 0 ωV

(2)

where ψ (r) is the electron wavefunction, E is the energy eigenvalue, p is
the momentum operator, and m0 is the free-electron mass. We know
from classical mechanics that the presence of an electromagnetic ﬁeld
modiﬁes the Hamiltonian in Eq. (1) according to the replacement

p → p − e A (r, t ),

(10)

where V is the volume of the enclosure conﬁning the electromagnetic
ﬁeld. The interaction Hamiltonian can now be written as

(1)

ℏ2∇2

2ℏω
,
nng ϵ 0 V

|E0 | =

(4)

e 2h
| f |ε·p|i |2 δ (E + Ei − Ef ).
2m02 nc ϵ 0 EV

In Eq. (4), E (r, t ) is the electric ﬁeld. Inserting Eq. (3) in Eq. (2) leads to
the following expression for the interaction Hamiltonian Hint

α=

H = H0 + Hint ,

Here, α (E ) is the number of photons absorbed per unit distance
ng W
α (E ) = c . Note that the absorption coeﬃcient is proportional to 1/ V ,
because we consider absorption of a photon within a box of volume V
by a single two-level system.
For spontaneous emission of ε -polarized photons, on the other hand,
the density of ﬁnal states in a solid angle element dΩ, ρdΩ (E ) equals the
number of photon states of energy E per unit volume per unit energy
with wavevector pointing into dΩ

Hint −

e ⎛ ⎞
A ⎜r, t ⎟·p,
m0 ⎝ ⎠

(5)

where H0 is the unperturbed Hamiltonian (H0 ≡ H in Eq. (1)). Here, it
has been used that terms to second order in A commutes with p due to
the transversality condition ∇ ·A (r, t ) = 0 .
The electron-photon interaction given by the Hamiltonian Hint in Eq.
(5) induces optical transitions between the two levels because momentum matrix elements in general are non-vanishing. This is the case
even if the two levels have the same symmetry, e.g., S atomic states, if
they are centered at diﬀerent atoms. We can obtain information about
optical absorption, spontaneous emission etc. in a two-level system
(and later a crystal) by use of time-dependent perturbation theory.

ρdΩ (E ) =

k 2dkdΩ
.
(2π )3dE

rsp, dΩ (E ) =

For a simple two-energy level system, the emission rate between an
initial state of energy Ei and a ﬁnal state of energy Ef is given by the
Golden Rule

where

2π
e
|〈f |Hint
|i〉|2 ρ (E ) δ (E − Ei + Ef ),
ℏ

ne 2EdΩ
| f |ε·p|i |2 δ (E − Ei + Ef ),
2m02 c 3ϵ 0 h2 V

ω

(6)

(7)

(8)

where ε is the unit polarization vector. An expression for the magnitude
of the coeﬃcient E0 associated with one photon can be found by evaluating the energy ﬂux S using Maxwell's equations:

S=

1
|E0 |2 nϵ 0 c.
2

(16)

was used. So far, we have been concerned with a radiative transition in
which a photon with deﬁnite propagation direction k and polarization ε
is emitted. To get the total spontaneous emission rate per volume at the
photon energy E, rsp , we must sum over the two independent polarization directions for a given k and integrate over all possible propagation orientations. From Fig. 3 it is evident that

where superscripts e and a refer to emission and absorption, respectively.
For a plane wave with the angular frequency ω, the electric ﬁeld is
written as

E
E = ε ⎛ 0 exp (iωt ) + c. c ⎞,
⎝2
⎠

(15)

( )

d nc
ng
dk
1 d (nω)
1 ⎛
dn ⎞
n+ω
=
=
=
=
,
dE
d (ℏω)
ℏc dω
ℏc ⎝
dω ⎠
ℏc

e
where Hint
is the time-independent part of the interaction Hamiltonian
Hint responsible for emission of photons according to

E
E
e
a
Hint = Hint
exp ⎛i t ⎞ + Hint
exp ⎛−i t ⎞,
⎝ ℏ ⎠
⎝ ℏ ⎠

(14)

Since E = ℏω and k = nω/ c we may write for the spontaneous emission
rate into dΩ per unit volume at the photon energy E for ε -polarized
photons, rsp, dΩ (E )

5. Absorption and spontaneous emission in a two-level system

W=

(13)

(9)

In Eq. (9), n is the refractive index of the medium. The energy ﬂux is
also given by the product of the photon energy denisty ℏω/ V and the
group velocity c / ng so that

Fig. 3. Orientation of f |p|i .
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Bab = Bba,
π 2c 3
Bba = 3 Aba ,
ωℏ
ω3
Aba =
| f |e r|i |2 .
3πc 3ϵ 0 ℏ

| f |ε (1)·p|i | = | f |p|i | sin θ cos ϕ
| f |ε (2)·p|i | = | f |p|i | sin θ sin ϕ .

(17)

The sum over the two polarization states gives sin2 θ . Performing the
integration over all possible angles, with f |p|i ﬁxed in space, gives
8π /3, and we obtain

We have now obtained all three coeﬃcients Aba , Bba, Bab and the energy
density ρ (ω) that appear in the rate Eqs. (22)–(23). Assuming initial
conditions speciﬁed, e.g.,

2

rsp =

| f |p|i |2 δ (E − Ei + Ef ).
∫ rsp,dΩ (E ) dΩ = 3m42πec3ϵnE
2
0h V
0

(18)

Nb (t = 0) = N ,
Na (t = 0) = 0,

In passing, we note that the spontaneous emission rate can be rewritten
in terms of the dipole moment

f |e r|i ,

im 0
[H0, r].
ℏ

at all times. The only thing that remains in order to calculate level
populations for a speciﬁc system is to determine the dipole matrix
element (or momentum matrix element) in Eq. (28).
We shall next, in the spirit of the above model for transitions between levels associated with the same atom, generalize the concept by
applying the Einstein rate equation model to examine electronic transition between diﬀerent atoms A and B. In this way, we determine the
occupation numbers of two levels on two dissimilar atoms (one level
per atom) as a function of the distance between the two atoms. Instead
of a transition rate (i.e., coeﬃcients Aba , Bba, Bab ) governed by the dipole matrix element between two states on the same atom, the transition rate now depends on the dipole matrix element between an A atom
state and a B atom state.

(20)

ω3
| f |e r|i |2 ,
3πc 3ϵ 0 ℏ

(21)

which agrees with the result in Ref. [29].
6. Einstein A and B coeﬃcients and rate equations
Let us ﬁrst consider a system of N two-level atoms of the same
material. We have, at any time, Nb (Na) atoms for which the upper state
|2 (lower state |1 ) is occupied and N = Na + Nb . All N atoms are considered non-interacting and transitions can only take place between
levels 1 and 2 of the same atom. The rate of spontaneous emission was
found above, Rsp , which we will call Aba to follow a traditional choice in
the literature. Taking all processes into account, we ﬁnd

dNb
= −Nb Aba − Nb Bba ρ (ω) + Na Bab ρ (ω),
dt

(22)

dNa
= Nb Aba + Nb Bba ρ (ω) − Na Bab ρ (ω),
dt

(23)

7. Overlap matrix elements
In this section, we calculate the overlap momentum integral between two S atomic levels associated with diﬀerent atoms separated by
a distance x0. We choose a rectangular coordinate system oriented such
that the line connecting the two atomic nuclei deﬁnes the x axis. The
groundstate (n, l, m) = (1, 0, 0) of the hydrogen-like atomic S state is

ψ100 (r) = R10 (r ) Y00 (θ , ϕ),
3/2

Z
R10 (r ) = 2 ⎛ ⎞
a
⎝ 0⎠
⎜

where the coeﬃcient Bba (Bab ) determines the rate of stimulated emission (absorption) of photons and ρ (ω) is the energy density in the ﬁeld
E −E
evaluated at ω = b ℏ a . If in thermal equilibrium

dNb
dNa
=
= 0,
dt
dt

Na
B
Nb ab

− Bba

a0 =

Zr
exp ⎛− ⎞,
⎝ a0 ⎠
⎜

⎟

(32)

1
,
4π

(33)

ℏ
.
m 0 cα

(34)

Here, α ≈ 1/137 is the ﬁne-structure constant. Normalization of wavefunctions requires

.
(25)

i
i
ψnlm
|ψnlm
= 1,

Assuming Boltzmann statistics, the occupation number of a state m is
E
− m

(35)

where i = 1 (i = 2 ) for atom 1 (2). The overlap integral of groundstates
associated with two atoms separated by a distance x0 becomes

proportional to e kB T , where Em, kB, and T are the energy of level m,
Boltzmann's constant, and the absolute temperature, respectively.
Hence
ℏω
Na
= e kB T .
Nb

(31)

where Z is the atomic wave number and a0 is the Bohr radius given by

and solving for ρ gives

ρ (ω) =

⎟

Y00 ⎛⎜θ , ϕ⎟⎞ =
⎝
⎠

(24)

Aba

(30)

Na + Nb = N,

Using this result and multiplying the spontaneous emission rate in Eq.
(18) by V we obtain for the total spontaneous emission rate at ω after
integrating over energy E

Rsp (ω) =

(29)

we can determine the level populations as a function of time. Note that
Eqs. (22)–(23) reveal that indeed

(19)

by use of the commutator relation

p=

(28)

2
1
ψ100
|ψ100

(26)

=

1 1
(Z1 Z2)3/2
π a03
2

⎜

Combining the latter two expressions and comparing to Planck's
blackbody radiation formula

ρ (ω) =

ℏ
π 2c 3

ω3
ℏω

e kB T − 1

2

2

⎡
y
x
z ⎤
× ∫ d3r exp ⎢−Z1 ⎛ ⎞ + ⎛ ⎞ + ⎛ ⎞ ⎥
a0 ⎠
a0 ⎠
a0 ⎠
⎝
⎝
⎝
⎣
⎦
⎟

⎜

2

⎟

⎜

2

⎟

2

⎡
y
x − x0 ⎞
z ⎤
× exp ⎢−Z2 ⎛
+ ⎛ ⎞ + ⎛ ⎞ ⎥.
a
a
a
0
⎠
⎝ 0⎠
⎝ 0⎠ ⎦
⎝
⎣
⎜

,
(27)

⎟

⎜

⎟

⎜

⎟

(36)

2
1
|ψ100
as a function of the distance x0 for the case
In Fig. 4, we plot ψ100
where Z1 = Z2 = 1. Evidently, the overlap integral is equal to 1 when

we conclude that
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2
1
|ψ100
Fig. 4. Overlap integral ψ100
as a function of the distance x0 between two
atoms. Parameters are Z1 = Z2 = 1 and the distance is measured in units of the
Bohr radius a0. The calculation follows Eq. (36).

2
2
1
Fig. 5. Momentum overlap integral absolute squared, ψ100
, as a
|p|ψ100
function of the distance x0 between two atoms. Parameters are Z1 = Z2 = 1 and
the distance is measured in units of the Bohr radius a0. The calculation follows
Eq. (37).

Fig. 6. Fixed distance in time between groups of atoms A and B. Temporal
change in electron occupation of levels A and B as a function of time. Initially
(t = 0 ), Nb = N = 1·1018 m−3 and Na = 0 . Note that the net amount of emitted
photons is equal to Na at any time. The transition energy ℏω = EB − EA is set to
30 meV and the temperature is 300 K. The electron mass is set to the freeelectron mass. Data are given for several ﬁxed-in-time distances x0 between
groups A and B.

x 0 = 0 (as it must be when Z1 = Z2 = 1 to fulﬁll Eq. (35)). When the
atoms separate more and more the overlap integral decreases fast and
approaches zero.
2
1
We next compute the momentum matrix element ψ100
that
|p|ψ100
appears in the spontaneous emission rate given by Eq. (18). This is
given by
2
1
ψ100
|p|ψ100

=

one-particle Hamiltonian (unless Z1 = Z2 !). In principle, a two-particle
Hamiltonian problem must be deﬁned to restore hermiticity and this
can easily be done. For our purposes, however, we are content with an
approximate description of the momentum overlap between two distinct atoms.
In Fig. 5, we plot the absolute squared momentum overlap integral
2
2
1
as a function of the distance x0 in the case where
ψ100
|p|ψ100
Z1 = Z2 = 1. Evidently, the overlap integral equals 0 when x 0 = 0 . This
1
2
holds since p has parity − 1 while ψ100
and ψ100
both have parity + 1
under inversion. Note also that there is a maximum x 0max of the momentum overlap integral at a distance between the two atomic nuclei
around 1.5a0 . When the atoms separate above x 0max , the overlap integral
decreases again and approaches zero at large separation distances.
Hence, the groundstates of two atoms, both S parity, will generally
couple optically (non-zero spontaneous emission rate) at all ﬁnite distances following the description in the previous sections. If one of the
two states is a P state, the other a S state, the optical coupling is nonzero (and highest!) when x 0 = 0 .
The above study reveals that electron transfer and light emission
between dissimilar atoms depend heavily on the type of atoms involved, the symmetries of the interacting atomic levels, and the distance between the atoms.

1 iℏZ1
(Z1 Z2)3/2
π a04
⎡
× ∫ d3r exp ⎢
⎣
2

2

2

y
x
z ⎤
−Z1 ⎛ ⎞ + ⎛ ⎞ + ⎛ ⎞ ⎥
a
a
a
⎝ 0⎠
⎝ 0⎠
⎝ 0⎠ ⎦
⎜

⎟

⎜

⎟

⎜

⎟

⎞
( )
⎟
+
+
( ) ( ) ( ) ⎟⎟⎠
× exp ⎡−Z (
) + ( ) + ( ) ⎤⎥⎦.
⎢
⎣
⎛
⎜
⎜
⎜
⎝

x
a0

x 2
a0

2

y 2
a0

x − x0 2
a0

z 2
a0

y 2
a0

z 2
a0

(37)

A comment is important here. The latter matrix element obviously does
2
1
1
2
not necessarily display hermiticity, i.e., ψ100
|p|ψ100
≠ ψ100
|p|ψ100
since Z1 may not be equal to Z2! We would not expect hermiticity, since
atomic states calculated on separate atoms do not both fulﬁll the same
521
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Fig. 7. Oscillatory distance in time between groups of atoms A and B. Temporal change in (left panel) distance x0 and spontaneous emission rate Aba , and (right
panel) electron occupation of levels A and B as a function of time. Note that the net amount of emitted photons is equal to Na at any time. Initially (t = 0 ),
Nb = N = 1·1018 m−3 and Na = 0 . The transition energy ℏω = EB − EA is set to 30 meV and the temperature is 300 K. The electron mass is set to the free-electron mass.

nanogenerator technology. We have presented a ﬁrst quantum-mechanical model for electron transfer and light coupling between discrete
levels in dissimilar and separated atoms. Our calculations show how the
coupling changes with the (dynamic) separation of the atoms and reveal the importance of the wavefunction symmetries associated with
the interacting atomic levels. The present model may set the scope for
understanding electron transfer and photonic coupling in more complex
systems such as two solids in contact and to exploit better the potential
of triboelectric nanogenerators.

7.1. Electron transfer and light emission in contact electriﬁcation - static
operation
We have now made the preliminary analysis that allows us to
compute quantitatively how contact electriﬁcation leads to transfer of
electrons between systems of dissimilar atoms and light emission. To
simplify matters, we shall assume that only transitions between the
groundstates of atoms A and B take place, and that EB − EA = ℏω > 0 .
We will examine this ﬁrst for a number of atoms A interacting with a
number of atoms B as a function of the average distance between the
two systems of atoms. Initially, atoms B are assumed occupied while
atoms A are vacant. The occupation numbers NA and NB of atoms A and
B, respectively, are then studied as a function of time using the Einstein
A and B rate equation model [Fig. 6]. The temporal relaxation rate of
NB depends strongly on the ﬁxed-in-time distance x0 between the two
groups of atoms. Note that the net amount of emitted photons is equal
to Na at any time and NA + NB = N .
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